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Abstract
Recently Koley and Kar in hep-th/0611074 constructed a new braneworlds in six dimensions
using the bulk phantom scalar field and the Brans-Dicke scalar field respectively as sources. They
found geometries with 4–branes with a compact on–brane dimension which may be assumed to be
small in order to realize a 3–brane world. In these models, scalar, spin 1/2 fermion, vector and
graviton can be localized on a single brane by means of gravity only. In this paper, we investigate
the localization of the spin 3/2 fermion (i.e. gravitino) on the braneworlds with a warp factor. The
result is that, just as the case of the spin 1/2 field, the spin 3/2 fermion is also localized on the
branes. So it can be concluded that all the mater fields (scalar, spin 1/2 fermion, spin 3/2 fermion,
vector and graviton) are localized on the 4–branes only through the gravitational interaction.
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I. INTRODUCTION
Suggestions that extra dimensions may not be compact [1]-[5] or large [6, 7] can provide
new insights for a solution of gauge hierarchy problem [7] and cosmological constant problem
[2, 4, 8], and give new possibilities for model building. In Ref. [5], an alternative scenario of
the compactification has been put forward. This new idea is based on the possibility that our
world is a three brane embedded in a higher dimensional space-time with non-factorizable
warped geometry. In this scenario, we are free from the moduli stabilization problem in the
sense that the internal manifold is noncompact and does not need to be compactified to the
Planck scale any more, which is one of the reasons why this new compactification scenario
has attracted so much attention. An important ingredient of this scenario is that all the
matter fields are thought of as confined to a 3-brane, whereas gravity is free to propagate in
the extra dimensions.
Following the brane world models proposed by Randall and Sundrum [5], a fair amount
of activity has been generated involving possible extensions and generalizations, among
which, co–dimension two models in six dimensions have been a topic of increasing interest
[9, 10, 11, 12]. A useful review on topological defects in higher dimensional models and its
relation to braneworlds is available in [13]. Apart from model construction, the question of
solving the cosmological constant problem has been the primary issue addressed in several
articles [14]. Other aspects such as cosmology, brane gravity [15], fermion families and
chirality [16] etc. have been discussed by numerous authors. A list of some recent articles
on codimension two models is provided in [17].
It is well–known by now that in the braneworld scenario it is necessary to introduce
dynamics which can determine the location of the branes in the bulk. Ever since Goldberger
and Wise [18] added a bulk scalar field to fix the location of the branes in five dimensions,
investigations with bulk fields became an active area of research. It has been shown that
the graviton [5] and the massless scalar field [19] have normalizable zero modes on branes of
different types, that the Abelian vector fields are not localized in the Randall-Sundrum (RS)
model in five dimensions but can be localized in some higher-dimensional generalizations of
it [11]. In contrast, in [19, 20] it was shown that fermions do not have normalizable zero
modes in five dimensions, while in [11] the same result was derived for a compactification
on a string [10] in six dimensions. Subsequently, Randjbar-Daemi et al studied localization
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of bulk fermions on a brane with inclusion of scalar backgrounds [21] and minimal gauged
supergravity [22] in higher dimensions and gave the conditions under which localized chiral
fermions can be obtained.
In Ref. [23] Oda presented a new (p − 1)-brane solution to Einstein’s equations in a
general space-time dimension. This solution is a natural generalization of the stringlike
defect solution with codimension 2 in six space-time dimensions. It was shown that all the
local fields are localized on the brane only through the gravitational interaction although
this solution does not have a warp factor and takes a finite value in the radial infinity.
Recently, a new model of six dimensional bulk spacetimes with 4–branes was constructed
using the bulk phantom scalar field and the Brans-Dicke scalar field respectively as sources
by Koley and Kar [24]. They found geometries with 4–branes with a compact on–brane
dimension which may be assumed to be small in order to realize a 3–brane world. For the
Brans-Dicke scalar there are solutions which can have a decaying warp factor and a growing
extra dimensional factor. In these models, scalar, spin 1/2 fermion, vector and graviton can
be localized on on a single brane by means of gravity only. In particular, the sixth dimension
seems to facilitate the localization of vector fields, and it is a result which does not exist in
five dimensions.
Since all kinds of matter fields except the spin 3/2 fermion has been shown to be localized
on the braneworlds of Koley and Kar by gravitational interaction only, it is interesting
to ask whether the spin 3/2 fermion, i.e. the gravitino can be localized on these branes
without the introduction of additional non-gravitational interactions. In this article, we first
review the 4–Brane solutions with bulk phantom scalar and Brans-Dicke scalar backgrounds
respectively in six dimensions. Then, we shall investigate the localization of the spin 3/2
field on the branes with a warp factor. The result is that, just as the case of the spin 1/2
field, the gravitino field can also be localized on the branes. So it can be concluded that
all the mater fields (scalar, spin 1/2 fermion, spin 3/2 fermion, vector and graviton) are
localized on the 4–branes only through the gravitational interaction.
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II. BRANES WITH BULK PHANTOM SCALAR AND BRANS-DICKE SCALAR
BACKGROUNDS
Let us start with a brief review of the time-independent solutions for non-singular 4–
branes of Einstein’s equations for two types of non–conventional bulk scalar sources – (i) a
phantom scalar and (ii) a Brans-Dicke scalar.
The most general metric ansatz for a warped brane embedded in six dimensions obeying




µdxν + dr2 + e2g(r)L2dθ2, (1)
where the radial coordinate r is infinitely extended (0 < r <∞) and the compact coordinate
θ ranges from 0 ≤ θ ≤ 2pi. L is an additional parameter characterizing the extra compact
direction on the 4–brane. We also assume that the warp factors are functions of the extra
dimensional radial coordinate, r, only. The solutions to Einstein’s equations in two extra
dimensions have been studied by many groups [8, 9, 10, 25, 26]. Throughout this article
we follow the standard conventions and notations of the textbook of Misner, Thorne and
Wheeler [27].
The six dimensional action for a phantom scalar field minimally coupled to gravity in the
















whereM∗ corresponds to the six dimensional fundamental mass scale. We assume henceforth
that the scalar field is a function of the coordinate r only and V (φ) = 0. By tuning the
bulk cosmological constant to be zero and assuming the radius of the compact dimension to
be of the order of Planck scale, and solving Einstein’s equations, one obtains the following












where k is an arbitrary constant. Note that the distinct character of the warp factors – the
brane part is a growing function of r and the other part is a decaying function.
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We choose the energy-momentum tensor for matter to be zero, i.e. TMN = 0. As before, the
scalar field is assumed to be a function of the coordinate r only. With this choice one shall
find an exact solution for the background geometry (1):
f(r) = k1r, g(r) = k2r, (7)
φ(r) = ek3r, (8)
where the constants are constrained by the following relations
k3 = −4k1 − k2, (9)
1
2
ωk23 = k2k3 − 10k21
= 6k21 + 4k1k2 − k23 (10)
= −6k21 − 3k1k2 − k22 + k1k3.
Using the above constraints one may construct some typical solutions. For example, the
first one is k1 = k(> 0), k2 = −k, k3 = −3k and ω = −149 . Thus the brane has growing
warp factor, the scalar field decays for larger values of the extra dimension and the extra
dimensional geometry has a decaying exponential (anti-de Sitter in two dimensions). The
second one is k1 = −k, k2 = k(> 0), k3 = 3k and ω = −149 . This gives a decaying brane
warp factor, a growing scalar field and a de Sitter extra dimensional space.
In all the above models, to include a single 4–brane, one needs to modify the bulk action
with the brane contribution. So it is required of us to modify the warp factors by extending
the domain of r to −∞ < r <∞ and replacing r by |r|. Correspondingly, the brane tension
λ as a function of the parameters is given as λ = 3k1 + k2 = −k/4.
III. LOCALIZATION OF GRAVITINO ON BRANES
In this section we study localization of a spin 3/2 field, in other words, the gravitino, on
branes. Of course, we have implicitly assumed that the bulk gravitino field considered here
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make little contribution to the bulk energy so that the solutions (3) and (7) remains valid
even in the presence of it. It will be shown that there is a localized zero mode on the branes.





where the square bracket denotes the anti-symmetrization, and the covariant derivative is
defined with the affine connection ΓRMN by




ωABM γAγB is the spin connection with A,B, · · · denoting the local Lorentz
indices, ΓM and γA are the curved gamma matrices and the flat gamma ones, respectively.
From the formula ΓM = eMA γ
A with eAM being the vielbein, we have the relations:
Γµ = e−fγµ, Γr = γr, Γθ = L−1ehγθ. (13)














ePAeQB(∂P eQC − ∂QePC)eCM . (14)












N − ΓRMNeAR + ωABM eNB = 0, we obtain the concrete













µν = −e2ff ′ηµν ,
Γθθr = h
′, Γrθθ = −e2hh′L2, (17)
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The components of the covariant derivative are calculated as follows:





DµΨr = ∂µΨr − f ′Ψµ + 1
2
f ′ΓµΓrΨr,




DrΨµ = ∂rΨµ − f ′Ψµ,
DrΨr = ∂rΨr, (18)
DrΨθ = ∂rΨθ − h′Ψθ,




DθΨr = ∂θΨr − h′Ψθ + 1
2
h′ΓθΓrΨr,





From the action (11), the equations of motion for the Rarita-Schwinger gravitino field
are given by
Γ[MΓNΓR]DNΨR = 0. (19)
With the assumption Ψr = Ψθ = 0 [28], we will look for the solutions of the form
Ψµ(x, r, θ) = ψµ(x)u(r)
∑
eilθ, (20)











u(r) = 0, (21)
form which u(r) is easily solved to be




with c being an integration constant. Here we have considered the s-wave solution.
We are now ready to see whether the solution (22) is normalizable, i.e. whether we have
the localized gravitino on the branes. To this end, let us substitute the zero mode (22) into




















should be finite. For the bulk phantom model f(r) is a growing function, so the integral
is finite and non-vanishing, which guarantees the localization of the gravitino on the brane.
In the case of a bulk Brans-Dicke scalar, to have localized gravitino one needs the condition
k1 > 0 to be satisfied for the codimension two brane. Those results are the same as the cases
of a spin 1/2 field, i.e. the localization criterion for the zero mode Dirac fermion is identical
to that for the gravitino.
IV. CONCLUSION AND DISCUSSION
In this paper, we have investigated the possibility of localizing the spin 3/2 fermionic field
on branes with the exponentially increasing warp factor, which also localizes the spin 1/2
fermionic field. We first give a brief review of the 4-brane solutions to Einstein’s equations
for two types of non–conventional bulk scalar sources: a phantom scalar and a Brans-Dicke
scalar. Then we study in detail the localization of gravitino fields on these defects from the
viewpoint of field theory. It has been found that, just as the case of the spin 1/2 field, the
spin 3/2 fermion can also be localized on the branes with the exponentially increasing case.
For exponentially decreasing warp factor, the results will be opposite and we need introduce
other interactions except gravity in order to localize fermionic fields on the branes. For
example, we can introduce Yang-Mills or scalar background just as Refs. [21, 28, 29] did.
Localizing the fermionic degrees of freedom on the brane or the defect requires us to
introduce other interactions but gravity. Recently, Parameswaran et al studied fluctuations
about axisymmetric warped brane solutions in 6-Dimensional minimal gauged supergravity
and proved that, not only gravity, but Standard Model fields could feel the extent of large
extra dimensions, and still be described by an effective 4-Dimensional theory [22]. Moreover,
there are some other backgrounds could be considered besides gauge field and supergravity
[30], for example, vortex background [31]. The topological vortex (especially Abrikosov-
Nielsen-Olesen vortex) coupled to fermions may lead to chiral fermionic zero modes [32].
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Usually the number of the zero modes coincides with the topological number, that is, with
the magnetic flux of the vortex. In future, we wish to extend the present work to the Abelian
Higgs model.
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